Given k b 2 let a 1 ; . . . ; a k be transcendental numbers such that a 1 ; . . . ; a kÀ1 are algebraically independent over Q and a k A Qða 1 ; . . . ; a kÀ1 Þ, but a k 0 ðaa i þ cÞ=b for some i A f1; . . . ; k À 1g and some a; b A N, c A Z satisfying gcdða; bÞ ¼ 1. We prove that then there exists a nonnegative integer q such that the set of so-called Dirichlet exponents logðn þ a j Þ, where n runs through the set of all nonnegative integers for j ¼ 1; . . . ; k À 1 and n ¼ q; q þ 1; q þ 2; . . . for j ¼ k, is linearly independent over Q. As an application we obtain a joint universality theorem for corresponding Hurwitz zeta functions zðs; a 1 Þ; . . . ; zðs; a k Þ in the strip fs A C : 1=2 < <ðsÞ < 1g. In our approach we follow a recent result of Mishou who analyzed the case k ¼ 2.
Introduction
For any given complex number a B f0; À1; À2; À3; . . .g we consider the set where a is a real number in the interval ð0; 1Þ. More generally, for each integer q b 0 let us denote r 1 ; . . . ; r m A Q such that P m j¼1 r j v j ¼ 0 and linearly independent otherwise. Obviously, if a is a transcendental number then the set DðaÞ is linearly independent over Q. The set DðaÞ for algebraic a have been studied by Cassels [3] (see also [4] and [5] ). The question if there is an algebraic number a for which the set DðaÞ is linearly independent over Q is still open (see [4] , [5] and also [7] , [12] ). A finite set of distinct complex numbers v 1 ; . . . ; v m is algebraically dependent over Q if there is a nonzero polynomial Pðz 1 ; . . . ; z m Þ A Q½z 1 ; . . . ; z m such that Pðv 1 ; . . . ; v m Þ ¼ 0 and algebraically independent otherwise.
The main result of this note is the following: Theorem 1. Let k b 2 be an integer and let a 1 ; . . . ; a kÀ1 ; a k be some transcendental numbers. Suppose that the numbers a 1 ; . . . ; a kÀ1 are algebraically independent over Q and a k A Qða 1 ; . . . ; a kÀ1 Þ, and suppose for each i ¼ 1; . . . ; k À 1 we have a k 0 ðaa i þ cÞ=b for a; b A N, c A Z satisfying gcdða; bÞ ¼ 1. Then there is an integer q b 0 such that set of Dirichlet exponents
Following the result of Nesterenko [15] , the numbers p and e p are algebraically independent over Q, so Theorem 1 can be applied to the numbers
Note that the condition a k 0 ðaa i þ cÞ=b for integers a > 0, b > 0 and c satisfying gcdða; bÞ ¼ 1 cannot be removed from Theorem 1. Indeed, if a k ¼ ðaa i þ cÞ=b with some i A f1; . . . ; k À 1g and a, b, c as above then there exists d A N for which u :¼ ðbd þ cÞ=a is a positive integer. Thus for each N A N we have the identity
Consequently, the four logarithms
are linearly dependent over Q, and hence the set D q ða i Þ U D q ða k Þ is linearly dependent over Q for any q A N.
As an application of Theorem 1 we shall prove the following joint universality theorem for Hurwitz zeta functions. (Throughout, mðAÞ stands for the Lebesgue measure of the set A J R.) Theorem 2. Let a 1 ; a 2 ; . . . ; a k , k b 2, be real transcendental numbers in the interval ð0; 1Þ such that for some integers q 1 ; q 2 ; . . . ; q k b 0 the set of Dirichlet exponents
is linearly independent over Q. For each j in the range 1 a j a k let K j be a compact subset of the strip fs A C : 1=2 < <ðsÞ < 1g with connected complement and let f j ðsÞ be a continuous function on K j which is analytic in the interior of K j . Then for any e > 0 we have lim inf
The subject of ''universality'' for Dirichlet L-functions started with the paper of Voronin [16] , where he proved that for every positive number e and every continuous non-vanishing function f ðsÞ in the disc jsj a r, where 0 < r < 1=4, which is analytic in jsj < r there exists a number t ¼ tðeÞ for which max jsjar jzðs þ 3=4 þ itÞ À f ðsÞj < e. So certain shifts of zeta function are arbitrarily close to every analytic function. Later, this result have been extended to other L-functions and it was shown that the set of those t for which the shift of the L-function by it approximates f ðsÞ has positive density; see, e.g., [8] , [9] for some references on this. In particular, for the Hurwitz zeta function zðs; aÞ it was shown that if a A ð0; 1=2Þ U ð1=2; 1Þ is either rational or transcendental number then for any function f ðsÞ which is continuous in a compact set K H fs A C : 1=2 < <ðsÞ < 1g with connected complement and analytic in the interior of K we have lim inf
for any given e > 0 (see [1] , [6] ). Later, certain joint universality theorems when instead of one function f we have several analytic functions f 1 ; . . . ; f k and approximate them with some shifts of zðs; a j Þ, j ¼ 1; . . . ; k, were obtained in [2] , [11] , etc. In particular, the joint universality theorem which asserts the conclusion (1) of Theorem 1 under assumption that all k transcendental numbers a 1 ; . . . ; a k are algebraically independent follows from the results of Nakamura in [14] . Laurinčikas proved the same statement under weaker assumption that the set of Dirichlet exponents Dða 1 Þ U Á Á Á U Dða k Þ is linearly independent over Q (see [10] ). This corresponds to the case
The above mentioned result of Nakamura covers the case when the transcendence degree trdegðQða 1 ; . . . ; a k Þ=QÞ of the field extension Qða 1 ; . . . ; a k Þ=Q (i.e., the largest cardinality of an algebraically independent subset of Qða 1 ; . . . ; a k Þ over Q) is equal to k. On the other hand, when k b 3 and 2 a r a k À 1 the next simple example
where a and a j , j ¼ r þ 1; . . . ; k, are algebraically independent transcendental numbers in the interval ð0; 1Þ (so that trdegðQða 1 ; . . . ; a k Þ=QÞ ¼ k À r a k À 2), shows that the first r þ 1 Hurwitz zeta functions are linearly dependent
Therefore, no joint universality theorem holds for these k Hurwitz zeta functions zðs; a j Þ, j ¼ 1; . . . ; k. Theorem 2 deals with the remaining case when the transcendence degree of the field extension Qða 1 ; . . . ; a k Þ=Q is equal to k À 1. The case k ¼ 2 was recently analyzed by Mishou [13] . We will follow his approach. It seems likely that the conclusion (1) is true for any distinct transcendental numbers a 1 ; . . . ; a k A ð0; 1Þ for which trdegðQða 1 ; . . . ; a k Þ=QÞ ¼ k À 1.
Proof of Theorem 1
Recall that if
. . . ; i m Þ and p i A Cnf0g, is a nonzero polynomial then its leading coe‰cient is the coe‰cient p j for z Proof. For m ¼ 1 the lemma was proved by Mishou in [13] . Our proof is di¤erent from that given in [13] and works for any m A N.
The lemma is trivial in one direction. If Pðz 1 ; . . . ; z m Þ ¼ az i þ c and Qðz 1 ; . . . ; z m Þ ¼ b with a, b, c as above then there are infinitely many t A N for which c þ bt b 0 and a j ðc þ btÞ. For each of those t the representation (2) for the polynomial
Assume now that P; Q A Z½z 1 ; . . . ; z m , not both constants, are relatively prime, and the leading coe‰cient of P is positive. Assume that there exist infinitely many positive integers t for which (2) holds with A ¼ AðtÞ A Znf0g and a ij ¼ a ij ðtÞ A N U f0g. It is clear that the coe‰cients of the polynomial
on the right hand side of (2) all have the form ut þ v with some integers u, v lying in a finite set V . By the condition of the lemma, the nonzero coe‰cients of . . . ; z m Þ are both divisible by the same factor z m þ a Ã , a contradiction. This proves that all the zeros Àa ij ðtÞ of R t in (3) are unbounded, i.e. a ij ðtÞ ! y as t ! y. Since AðtÞ A Znf0g, in view of (3) it follows that all the nonzero coe‰cients of R t are also unbounded except possibly for the leading coe‰cient AðtÞ.
Next, if the leading coe‰cient AðtÞ is unbounded then AðtÞ and AðtÞ Q i A I Q j a ij ðtÞ are two unbounded coe‰cients of R t , which is impossible, because their quotient Q i A I Q j a ij ðtÞ tends to infinity as t ! y. (Recall that, by the fact established above, the quotient of two unbounded coe‰cients of R t must be bounded.) So AðtÞ is bounded. Hence the leading coe‰cient AðtÞ of R t ¼ P þ tQ must be that of P. This yields AðtÞ ¼ a, where a > 0 is the leading coe‰cient of P.
Suppose next that for infinitely many t A N the product
contains exactly r b 2 not necessarily distinct factors with the same i, say z i þ a i1 ðtÞ; . . . ; z i þ a ir ðtÞ. Put B ¼ BðtÞ for the constant term of the polynomial R t ðz 1 ; . . . ; z r Þ= Q r j¼1 ðz i þ a ij ðtÞÞ. Then both BðtÞ Q r j¼1 a ij ðtÞ and BðtÞ P r j¼1 a ij ðtÞ are the coe‰cients of the polynomial R t corresponding to its constant term and the term for z rÀ1 1 , respectively. They are both unbounded, so their quotient Q r j¼1 a ij ðtÞ= P r j¼1 a ij ðtÞ must be bounded. This is not the case, because all a ij ðtÞ are unbounded, so the product of r b 2 terms Q r j¼1 a ij ðtÞ divided by their sum P r j¼1 a ij ðtÞ tends to infinity as t ! y.
artū ras dubickas
The only remaining possibility is that R t ðz 1 ; . . . ; z m Þ ¼ a Q i A I ðz i þ a i ðtÞÞ for infinitely many t A N. In case jI j b 2 we see that the constant coe‰cient of R t is equal to a Q i A I a i ðtÞ and the coe‰cient for z l , where l A I , is equal to a Q i A I nflg a i ðtÞ. They both are unbounded, because jI j b 2. But their quotient a l ðtÞ is also unbounded, a contradiction.
It follows that jI j ¼ 1 and thus R t ðz 1 ; . . . ; z m Þ ¼ aðz i þ a i ðtÞÞ for some i A f1; . . . ; mg and infinitely many t A N. Now we can give the proof of Theorem 1. Assume that the set
is linearly dependent over Q. Since the sets Dða 1 Þ U Á Á Á U Dða kÀ1 Þ and D q ða k Þ are both linearly independent over Q, writing a k ¼ Pða 1 ; . . . ; a kÀ1 Þ=Qða 1 ; . . . ; a kÀ1 Þ with two relatively prime polynomials P, Q in Z½z 1 ; . . . ; z kÀ1 we must have
for some I J f1; . . . ; k À 1g, n ij ; n j A N U f0g, n j b q and u ij ; u j A Znf0g. Of course, P and Q are not both constants, because a k is transcendental. Also, without restriction of generality, by multiplying both P and Q by À1 if necessary, we may assume that the leading coe‰cient of P is positive. Since the numbers a 1 ; . . . ; a kÀ1 are algebraically independent, the equality (4) must be the identity, namely, Y
Note that the polynomials P þ n j Q and P þ n l Q with n j 0 n l can have only constant common factor, since P and Q are relatively prime. Hence selecting any n j b q on the right hand side of (5) we see that the corresponding polynomial Pðz 1 ; . . . ; z kÀ1 Þ þ n j Qðz 1 ; . . . ; z kÀ1 Þ must be a constant multiplied by certain product Q 
Proof of Theorem 2
Assume that the set of Dirichlet exponents
is linearly independent over Q. Evidently, its subset
where q :¼ max 1a jak q j , is linearly independent over Q too. Take a maximal subset M 1 of the finite set 6 k j¼1 ðDða j ÞnD q ða j ÞÞ for which the set
is linearly independent over Q. This means that each of the qk À jM 1 j remaining logarithms logðn þ a j Þ B D 1 , where 0 a n a q À 1 and 1 a j a k, is a linear combination with rational coe‰cients of some elements of D 1 . (Of course, the choice of the set M 1 is not necessarily unique.)
Fix an integer m b q such that each of the logarithms logðn þ a j Þ B D 1 is expressible in the form
c j; n; r; i logði þ a r Þ with c j; n; r; i A Q. (Some of the coe‰cients c j; n; r; i can be zeros.) Therefore, by increasing q to m if necessary and adding more logarithms to the set M 1 we may assume that each logðn þ a j Þ which is not in the set
where
is a linear combination of at most km logarithms of the set M. Obviously, there exists a positive integer l such that for each logðn þ a j Þ B D we have the representation
with c i; r A Z.
Let K j be the sets and let f j ðsÞ be the functions described in Theorem 2. Fix e > 0. Let K be a simply connected compact subset of the strip fs A C : 1=2 < <ðsÞ < 1g such that the union 6 k j¼1 K j is included in the interior of K. By Mergelyan's theorem (see Lemma 5 in [13] ), there exist polynomials with complex coe‰cients p j ðsÞ, j ¼ 1; . . . ; k, such that
By Gonek's lemma (see Lemma 7 , ð29Þ and ð30Þ in [13] ), there is a large positive integer n > m such that for each su‰ciently large integer t and each j ¼ 1; . . . ; k we have
with some y n; j A R. Selecting y n; j ¼ 0 for n ¼ m; . . . ; n, we can rewrite the above inequality in the form
For d > 0 let B T ðdÞ be a set of those t A ½T; 2T for which kÀðt=2pÞ logðn þ a j Þ À y n; j k a d when m a n a t; 1 a j a k and kÀðt=2pÞ logðn þ a j Þk a d when logðn þ a j Þ A M:
Observe that in view of (6) the second inequality implies that for each su‰ciently small d there is a positive constant c 0 (which depends on l, M and the coe‰cients c i; r in qm À jMj equalities (6)) such that for each su‰ciently large z. Finally, for t A A T ðe; zÞ V C T ðdÞ combining (7), (11), (12) , (14) we find that max 1a jak max s A K j jzðs þ it; a j Þ À f j ðsÞj < 7e:
This completes the proof of Theorem 2.
